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POLYNOMIAL SOLUTIONS FOR THE KOLMOGOROV-WIENER PREDICTION
OF MODELED SMOOTHED HEAVY-TAIL PROCESS

Nowadays telecommunication traffic in systems with data packet transfer is considered as a heavy-tail random
process. In a couple of rather simple models traffic is considered to be stationary one. In our recent papers we
generated modeled heavy-tail data, which is based on the smoothing of the fractional Gaussian noise. In particular,
the applicability if the continuous Kolmogorov—Wiener filter to the prediction of such data was investigated,
the corresponding Wiener—Hopf integral equation was solved on the basis of the truncated Walsh function expansion.
However, a question occurs — may another truncated orthogonal function expansion be applied to the problem
under consideration? So, the corresponding investigation may be an actual question. In our recent papers we
investigated theoretical fundamentals of the Kolmogorov—Wiener filter construction for different models, in particular,
on the basis of the truncated polynomial expansion method and on the basis of the truncated trigonometric Fourier
series expansion method. In this paper we restrict ourselves to the investigation of the applicability of the truncated
polynomial expansion method to the problem under consideration, the corresponding method is based on
the Chebyshev polynomials of the first kind. The applicability of another polynomial or trigonometric expansions to
the problem under consideration may be discussed in other papers.
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The aim of the work is to investigate the applicability of the Galerkin method based on the Chebyshev
polynomials of the first kind to the Kolmogorov-Wiener prediction of smoothed heavy-tail data.

The methodology consists in the solving of the Wiener—Hopf integral equation on the basis of the truncated
polynomial expansion method which is based on the Chebyshev polynomials of the first kind.

The scientific novelty consists in the proof of the fact that the Galerkin method based on the Chebyshev
polynomials of the first kind may be applied to the Kolmogorov—Wiener prediction of smoothed heavy-tail data.

The conclusions are as follows. The truncated polynomial expansion method based on the Chebyshev
polynomials of the first kind may give reliable results in the framework of the Kolmogorov-Wiener prediction
of smoothed heavy-tail data.

Key words: continuous Kolmogorov—Wiener filter, prediction, smoothed heavy-tail data, Chebyshev polynomials
of the first kind.
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MOAENNbHUX OAHUX 3MMAOXEHOIO MPOLECY 3 BAXXKUM XBOCTOM

Ha cbo200HiwHil deHb meneKkoMyHikauiliHul mpagik 8 cucmemax 3 nakemmHor rnepedadero aHux posarisi-
daembcs 5K sunadkosul NMpouec 3 8aXXKUM x8ocmoM. Y Hu3yi docums npocmux modenel mpadik egaxaembcsi
cmaujoHapHUM. Y Hauwlux HeulodasHix pobomax Mu 32eHepysarnu MoOesibHi OaHi 3 8aXXKKUM X80CMOM, siKi 6asyromab-
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€A Ha 3ena0xyeaHHi ¢hpakmarnbHO20 2ayciecbko20 Wymy. 30kpema, 00CiOKeHO 3acmOCO8HICMb HernepepeHoO20
inbmpa Konmozoposa—BiHepa 00 npoeHO3y8aHHs makux OaHuXx, po3e’si3aHo 8i0noesioHe iHmeaparbHe PIBHSH-
Hs1 BiHepa—Xongha Ha ocHosi 06ip8aH020 PO3BUHEHHST MO YyHKUiIAM Yonwa. Ane 8UHUKAe nuUMaHHs — YU MOX-
Ha 3acmocysamu 0o 3adayi, Wo posansidaemscs, iHwe obipeaHe PO3BUHEHHS 3a OPMO20HaIbHUMU (OYyHKUIAMU?
Omixe, 8i0nogidOHe OocCriOXeHHS Moxe 6ymu akmyanbHUM. Y Hawux ocmarHix pobomax mu docnidxysanu meo-
pemuyHi ocHosu rnobydosu ¢hinbmpa Konmozopoea—BiHepa 0ns pisHux modesnel, 30Kpema, Ha 0CHo8i Memody
06ipsaH020 noniHOMiarbHO20 PO3BUHEHHST Ma Ha 0CHOB8i Memody 06ip8aHO20 PO3BUHEHHS 8 MPU20HOMEMPUYHUU
psid @yp’e. B uiti pobomi mu obmexxumMock QOCiOKeHHsIM 3acmocosHocmi 0 po3arsiHymoi 3adaqi memody 06i-
pBaH020 PO3BUHEHHS 10 NosliHOMaM, SKull 6asyembcsi Ha nosiiHomax Yebuwosa nepwozo pody. 3acmocosHicmsb
iHWuUX noniHomianbHUX abo mpuaoHoMempu4yHUX po3knadie 0o 3adaqi, w0 po3anadaembcs, Moxe bymu 062080-
PeHa 8 iHWuUx cmammsix.

Memoto po6omu € docnidxeHHs1 3acmocosHocmi Mmemody [anepkiHa Ha 0CcHO8i rnoniHomie Yebuwosa nepuiozo
pody Ao ripoeHo3ysaHHs Konimoeoposa—BiHepa 32nadxeHux 0aHuX 3 8aXXKUM X80CITIOM.

Memodonozis nonsizae 8 po3e'si3ysarHi iHmeapanbHo20 pigHsIHHS BiHepa-Xongha Ha ocHo8i Memody obipeaHo-
20 PO3BUHEHHS 10 nosiHomam Yebuwosa nepuwiozo pody.

Haykoea Hoeu3Ha rioniscae 8 dosedeHHi mozo ¢hakmy, wo memod [anepkiHa Ha OCHoei noniHomie Yebuwosa
nepwozo pody moxe 6ymu 3acmocosaHull 00 npoeHo3ysaHHs1 Konmozaoposa—BiHepa 3anadxeHux 0aHuX 3 8aXKUM
X80CmMoM.

BucHoeku € makumu. Memod obipgaHo20 po38UHEHHS 3a roniHomMamu HYebuwesa nepwozo pody moxe damu
Xopouwi pedynibmamu 8 paMmkax rpoaHo3ysaHHs Koimoeoposa—BiHepa 32rnadxeHux 0aHux 3 8aXXKUM X80CITIOM.

Knro4oei cnoea: HenepepsHull inbmp Konmozopoea—BiHepa, npoeHO3ye8aHHSs], 32r1adxeHi 0aHi 3 8aXKUM
xeocmowm, noniHomu Yebuwosa nepuwiozo pody.

Introduction. Nowadays telecommunication  method based on the Chebyshev polynomials of
traffic in systems with packet data transfer is con-  the first kind to the Kolmogorov—Wiener prediction
sidered as a self-similar heavy-tail random pro- of smoothed heavy-tail data generated in (Gorev
cess, see, for example, (Kozlovskiy et al, 2023). et al, 2023a).

The problem of telecommunication traffic predic- Continuous Kolmogorov-Wiener prediction
tion is actual for telecommunications. In a couple = based on the Chebyshev polynomials of the
of models telecommunication traffic may be treated  first kind. In this section the Wiener—Hopf integral
as stationary one, so the problem of the predic- equation is solved with the help of the Galerkin
tion of stationary heavy-tail data may be consid- method based of the Chebyshev polynomials of
ered. In our recent papers we generated heavy- the first kind. The Wiener—Hopf integral equation is
tail smoothed modeled data which is based on as follows, see, for example, (Gorev et al, 2023b):

the smoothing of fractional Gaussian noise data. T
The Kolmogorov—Wiener prediction of such data [h(x)R(t-7)dT=R(t+2) (1)
was investigated in (Gorev et al, 2022a; Gorev 0
et al, 2023a; Gorev et al, 2023b). In particular, it where h(t) is the unknown weight function,

was shown that continuous Kolmogorov—Wiener s the time interval on which the observed data are
filter prediction may be applied to the prediction  given, z is the time interval on which the predic-
of the above-mentioned modeled data, the corre-  tion is made, R(t) is the process correlation func-
sponding Wiener—Hopf equation was treated on  tion. In the framework of the Galerkin method, the
the basis of the Galerkin method (Polyanin & Man-  unknown weight function is sought as

zhirov, 2008) based on the Walsh functions. How- n-1

ever, a question occurs — may the Galerkin method h(t)=29.S,(t) (2)
for the problem under consideration be based on o0
another truncated orthogonal function expansion?
In paper (Gorev et al, 2021a) a review of the the-
oretical fundamentals of the Kolmogorov—Wiener

where S_(t) are the functions orthogonal on
t €(0,T). In this paper we use the Chebyshev pol-
ynomials of the first kind:

filter prediction based on the Galerkin method is S.(0)=T (g_lj

given, different polynomial systems and trigono- s s\t ’

metric Fourier series were used as the basis of (572

the Galerkin method. In papers (Gorev et al, 2020; T, (x) _ chzk (Xz _1)" X"k (3)
Gorev et al, 2021b; Gorev et al, 2022b) the Cheby- k=0

shev polynomials of the first kind were used on the 5/2] is the integer part of 5/2, the functions
framework of the corresponding Galerkin methods S, L) are orthogonal on t e (O’T) , see (Gorev et
for different models. So, the aim of this paper is  al, 2020). The coefficeints g, in (2) are given by
is to investigate the applicability of the Galerkin  the following expression (Gorev et al, 2023b):
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n-1
h(z)=2.9.5,(),
s=0
9 G00 G01 Go,n—l B Bo
9, _ GlO Gll Gl,n—l Bl
gn—l C;n—l,O Gn—l,l C;n—l,n 1 Bn—l
TT
G, =IIS, (t)S;(t)R(t—)dtdt
00
T
B =[S (t)R(t+2z)dt. (4)
0

The correlation function of the smoothed heavy-
tail data generated in (Gorev et al, 2023a) is as
follows:

a |t +b, |t +c,|t|+d,|f| [0,0.1]
a-(jt|+10°)" |t/ (0.1,1]

a, =-369, b, =79.0, ¢, =-5.89, d, =0.220,
a=0.0206, b=0.415, (5)

the numerical values of the coefficients in (5)
are rounded off to 3 significant digits.

In (Gorev et al, 2023a), the problem under con-
sideration was solved on the basis of the Walsh
function expansion, the average mean absolute
percentage error (MAPE) for the approximation of
256 Walsh functions is equal to 5.8%. Such MAPE
may be reduced on the basis of the time shift pro-
posed in (Gorev et al, 2023b).

In this paper the problem in investigated on the
basis of the Chebyshev polynomials of the first
kind (3). The integral brackets G; from (4) are cal-
culated on the basis of the Nintegrate operation
built in the Wolfram Mathematica, the integrals are
previously treated as follows:

US

R(t-t)dtdt={x=t-1y=t+1}=
X+y

5 js,.( 5 }R(X)dxdy:
T o [52) 52):
as(222)(2) o

2
the square region Q is restricted by the lines
Y=Xx,y=-x,y=2T-x, y=2T +Xx.
The free terms B, are estimated on the basis of
the method of trapezoids:

xX-y

ZEHS(

—Ide

X+y
2

X-y
2

1T
+—Ide(x
20

31
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i 103

because the NIntegrate operation may not give
reliable results for B, if the number of polynomials
is rather large, see a similar situation described in
(Gorev et al, 2022c).

The calculation of the process prediction is sim-
ilar to that described in (Gorev et al, 2023a; Gorev
et al, 2023b). The following average MAPE results
are obtained for different numbers of polynomials,
see Table 1.

The MAPE values in Table 1 are rounded off to
3 significant digits. The MAPE begins to increase if
n> 25, in our opinion such a fact may be explained
by increasing of the algorithm calculation errors for
large numbers of polynomials.

As can be seen, the MAPE for rather large n
is not very high, so the Galerkin method based on
the Chebyshev polynomials of the first kind may
be applied to the problem under consideration.
However, the method based on the Walsh func-
tions may lead to the MAPE equal to 5.8%, see
(Gorev et al, 2023a; Gorev et al, 2023b). After the
use of the time shift which maximally decreases
the MAPE, the results are 4.97% for the method
based on the Chebyshev polynomials of the first
kind and 2.5% (Gorev et al, 2023b) for the method
based on the Walsh functions. So, the method
based on the Walsh functions gives better results
for the problem under consideration.

Conclusions. This paper is devoted to the
investigation of the applicability of the Galerkin
method based on the Chebyshev polynomials of
the first kind to the Kolmogorov—Wiener prediction
of modeled smoothed heavy-tail data generated in
(Gorev et al, 2023a). It is shown that the method
based on the Chebyshev polynomials of the first
kind may be applied to the problem under consid-
eration, however, the Walsh function expansion
method, used in (Gorev et al, 2023a; Gorev et al,
2023b) gives better results that the method based
on the Chebyshev polynomials. In our opinion,
such a fact may be explained as follows. The Che-
byshev polynomials with rather large numbers con-
tain the products of rather large values and rather
large exponents of the argument, so the numeri-
cal calculation based on the Chebyshev polyno-
mials may meet difficulties. The Walsh functions
do not have such drawbacks, moreover, the Walsh

B.

1

[

. (7)
j+1
10°
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Table 1
Average MAPE for different numbers of polynomials
n MAPE, % n MAPE, % n MAPE, %
1 23.3 9 14.4 17 9.19
2 21.9 10 13.3 18 8.83
3 20.6 11 12.5 19 8.51
4 19.5 12 11.9 20 8.22
5 18.5 13 11.2 21 7.98
6 17.4 14 10.7 22 7.82
7 16.4 15 10.1 23 7.73
8 15.4 16 9.65 24 7.71
skl Actual data i
/v, = === Predicted data o [
. . . t
1.05 1.10 1.15 1.20

Fig. 1. Comparison of the actual and predicted data for the approximation of 24 polynomials
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Fig. 2. Comparison of the actual and predicted data for the approximation of 24 polynomials

after the use of the time shift equal to 3-10°
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functions are piecewise constant ones, so they
can easily be treated. Maybe, future enhancement
of the correlation function (5) or enhancement of
the method used in (7) may enhance the prediction
based on the Chebyshev polynomials.

The paper results may be applied not only to
the telecommunications, but also to other fields of
knowledge where heavy-tail processes may take
place. For example, they may be applied to the

monitoring of soil and climatic parameters of agro-
technical objects.
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