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ON THE ACCURACY OF SOME APPROXIMATIONS
FOR THE KOLMOGOROV-WIENER FILTER WEIGHT FUNCTION
FOR POWER-LAW STRUCTURE FUNCTION PROCESSES

The paper is devoted to the investigation of the accuracy of some polynomial approximations for the Kolmogorov—
Wiener filter weight function. The corresponding filter is applied to the prediction of stationary random processes
with a power-law structure function. In our previous investigations the Kolmogorov-Wiener filter weight function
was obtained on the basis of the truncated polynomial expansion method based on the Chebyshev polynomials
of the first kind. It was obtained that some approximations lead to good results; however, some approximations (i.e.
the approximations of 9—15 polynomials) fail. The corresponding conclusion was made on the basis of the evaluation
of the integrals with the help of the Nintergate function built in the Wolfram Mathematica package. In this paper
the corresponding integrals are evaluated on the basis of the rectangle method, the method of trapezoids,
and the Simpson method. It is shown that, in contrast to the previous investigations, the approximations of 9—15
polynomials do lead to good results.

The aim of the work is to show that, in contrast to the results of previous investigations, the considered polynomial
approximations are rather accurate.

The methodology consists in the use of the rectangle method, the method of trapezoids, and the Simpson
method for the calculation of the left-hand side of the Wiener—Hopf integral equation for the obtained weight function.

The scientific novelty consists in showing the validity of some polynomial approximations based on
the Chebyshev polynomials of the first kind in the framework of the problem under consideration.

The conclusions are as follows. In contrast to the results of previous investigations, it is shown that
the approximations of 9—15 Chebyshev polynomials of the first kind for the Kolmogorov—Wiener filter weight function
for the prediction of stationary random processes with a power-law structure function are rather accurate.

Key words: Kolmogorov—Wiener filter weight function, Chebyshev polynomials of the first kind, numerical
integration methods, power-law structure function prosess.
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A0 TOYHOCTI AEAKUX HABJNIMXXEHb AN BAFOBOI ®YHKUII
®INIbTPA KOJIMOITOPOBA-BIHEPA AnA NPOLECIB
3I CTENEHEBOIO CTPYKTYPHOIO ®YHKUIEO

Cmammio npucesHeHO O0CIOKEHHIO MOYHOCMI OesIKUX OMiHOMIanbHUX HabruxeHb Orisi 8a2080i (hyHKUIT
inbmpa Konmoeoposa—BiHepa. BidnoeidHul ¢hinbmp 3acmocogaHo 00 npo2HO3y8aHHs CmauioHapHUX eunadkosux
Mpouecie 3i CmeneHeeo cmpyKmMypHor yHKuier. B Hawux nonepedHix ocriOxeHHsIX 8a208a (hyHKUiS1 hinbmpa
Konmoeoposa—BiHepa byna ompumara Ha ocHosi Memody 0bip8aHUX MoMiHOMIanbHUX PO38UHEHb, WO 6a3yembcs
Ha noniHomax Yebuwoea nepwozo pody. byno ompumaHo, wo Oesiki HabrnuxeHHs npu3godsimb A0 XOPOWUX
pesynbmamis, oOHaK OesKi HabrnuxeHHs1 — Hi (a came, HabnuxeHHs 9—15 noniHomis). BidnosidHul 8UCHOB0OK by
3p0brieHo Ha OCHoBi obyucneHHs1 iHmezparie 3a doriomoeoto yHKUii Nintergate, sika € ebydosaHow 8 rakem
Wolfram Mathematica. B uiti cmammi 8i0roeidHi iHmeapanu ob4YucneHo Ha OCHO8i MemoOdy MPSMOKYMHUKIG,
memody mpaneuiti ma memody CiMrcoHa, i mokasaHo, Wo Ha 8iOMiHy 8i0 pe3yribmamig rnornepedHix A0CTiOXeHb,
HabrnuxeHHs1 9—15 noniHomig dilicHo npu3sodssmes 00 Xopowux pesynsmamis.

Mema pobomu - nokazamu, wo Ha 6iOMiHy 8i0 pe3ynbmamie nonepedHix 00CMiIOXeHb, MomiHOMIanbHI
HabrnuXeHHs1, Wo po3eanadarmbcs, € 00CMamHb0 MOYHUMU.

Memodonozis nonsizae y sukopucmarHs Memoody npsiMOKymHukie, Memody mpaneuili ma memooy CimricoHa
0151 064YUCIIEHHS 11iBOI YacmUHU iHmMe2pasibHO20 PieHsIHHS BiHepa—Xongba 0risi ompumaHoi 8220801 ¢hyHKUj.

Haykoea Hoeu3Ha rionisizac 8 momy, WO MU roKa3anau 3acmocoeHicmb OesKUX MOoMiHOMIianbHUX HabnuXeHb
OCHOBaHUX Ha noniHomMax Yebuwosa nepwoeao pody 0o 3adaqi, Wo po3ansadacmbcs.

BucHoeku MmoxHa cgopmyrrosamu makum 4YuHom. Ha e8idmiHy 8i0 pesyrnbmamig MUHYUX OO0CiOXeHb,
roka3aHo, uo HabrnuxeHHs 9—15 noniHomie Yebuwosa nepuwio2o pody 055 8a2080i (hyHKUii Konmoeoposa—BiHepa
01151 MPO2HO3y8aHHS CMaujioHapHUX MPOUECI8 3i CIMerneHe8or CMPyKMypHOK yHKUIE € 00CMamHb0 MOYHUMU.

Knro4oei cnoea: sazosa cbyHkuisi ¢hinbmpa Konmozopoea—BiHepa, noniHomu Yebuwoea nepwiozo pody,
MemoOdu 4YUC/I08020 iHMe2py8aHHS, NMPOUEC 3i CMENeHe8o CMPYKMypPHOK (OYHKYEr.

Introduction. The telecommunication traffic  aki, 2015; Brugner, 2017; Igbal, Zahid, Habib,
prediction is an important problem for telecom-  John; 2019).
munications. In particular, it is an urgent prob- There are a plenty of different rather sophisti-
lem for cyber security because a cyber-attack  cated approaches to traffic prediction; for example,
may be detected by comparing the predicted see the review in (Katris, Daskalaki, 2015; Brugner,
traffic with the actual one, see (Katris, Daskal- 2017; Igbal, Zahid, Habib, John; 2019). However,
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if the telecommunication traffic is a stationary one,
such sophisticated approaches as ARIMA, neu-
ral networks and wavelet transforms may not be
needed. As is known, such a simple approach as
the Kolmogorov—Wiener filter may be used for the
prediction of stationary random processes (Diniz,
2020). Our recent research was devoted to obtain-
ing the Kolmogorov—Wiener filter weight function
for the prediction of stationary telecommunication
traffic in the framework of different models. In par-
ticular, some papers were devoted to the investi-
gation of theoretical fundamentals of the Kolmog-
orov—Winer filter construction for the prediction of
traffic in a model where it is considered as a ran-
dom process with a power-law structure function.

The corresponding investigations on the basis
of the truncated polynomial expansion method
are described in papers [5-8] (Gorev, Gusev, Kor-
niienko, 2019; Gorev, Gusev, Korniienko, 2019;
Gorev, Gusev, Korniienko, 2020; Gorev, Gusev,
Korniienko, 2021). In paper (Gorev, Gusev, Kor-
niienko, 2019) polynomials orthogonal without
weight are used; in papers (Gorev, Gusev, Kor-
niienko, 2019; Gorev, Gusev, Korniienko, 2020)
the Chebyshev polynomials of the second and
first kind are used, respectively. In paper (Gorey,
Gusey, Korniienko, 2021) the MAEs (mean abso-
lute errors) of the considered polynomial approx-
imations are given. In those papers the calcu-
lations were made on the basis of the Wolfram
Mathematica package, and, in particular, the left-
hand side of the Wiener—Hopf integral equation
was calculated with the help of the Nintergate
function built in the Wolfram Mathematica pack-
age. In was shown that the approximations mostly
give reliable results; however, the approximations
of 9-15 polynomials fail.

The aim of this work is to demonstrate that, in
contrast to our previous results, the above-men-
tioned approximations of 9-15 polynomials are
indeed valid. For these purpose we calculate the
left-hand side of the Wiener—Hopf integral equa-
tion on the basis of the widely known methods of
numerical integration rather than the Nintergate
function. We use such methods as the rectangle
method, the method of trapezoids, and the Simp-
son method. This paper is devoted only to the
investigation of the Chebyshev polynomials of the
first kind. The preliminary results devoted to the
Chebyshev polynomials of the second kind are
published in (Gorev, 2021).

Wiener-Hopf integral equation and the trun-
cated polynomial expansion method. In this
paper we investigate the use of the Kolmogorov—
Wiener filter to the prediction of a stationary random
process with a power-law structure function. The
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correlation function of such a process is as follows,
see, for example, (Gorev, Guseyv, Korniienko, 2019):

(1)

where o is the process variance, H is the
Hurst exponent, and o is a proportionality coef-
ficient between |t| and the structure function.
The traffic is considered as a random continuous
stationary process; such a consideration may be
valid in the case of a large amount of data. The
Kolmogorov—Winer filter weight function obeys the
following Wiener—Hopf integral equation:

j h(x 2)

where T is the time interval for which the input
data are given, and z is the time interval for which
the forecast is made. In papers (Gorev, Gusey,
Korniienko, 2019; Gorev, Gusev, Korniienko,
2019; Gorev, Gusev, Korniienko, 2020; Gorev,
Gusev, Korniienko, 2021; Gorev, 2021) the follow-
ing numerical values for these parameters were
investigated:
6=12,H=08, a=3-10°, T=100, z=3. (3)
The explicit analytical solution of the integral
equation (2) meets difficulties, so the solution of
(2) may be found on the basis of the truncated
polynomial expansion method (see, for example,
(Gorev, Gusev, Korniienko, 2020)). In the case
of the Chebyshev polynomials of the first kind,
the method is as follows. The unknown weight
function in the n—polynomial approximation is
sought as a truncated series (Gorev, Gusey,
Korniienko, 2020):
1], (4)

n-1 21:
h()-3ia.m(Z-

where g, are the unknown coefficients, and
T.(x) are the Chebyshev polynomials of the first
kind. On the basis of (1) — (4) one can obtain the
following system of linear equations in g.:

R(t) = o — X[t/
(1)=c* -2

d‘t —R(t + Z)

n—

ggsﬂ (——1) (%—1) (t—)ddt =
=£Tk($—1JR(t+z)dt

which after the evaluation of the corresponding
integrals may be solved via the matrix method.
The accuracy of the n—polynomial approximation
may be checked by comparing the left-hand side
and the right-hand side of the integral equation (2)
and calculating the MAE:

Right (t)|, Right(t) =

®)

1 T
MAE :?£|Left(t)— R(t+2),
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Left(t) = h(r)R(t - 'c) dt (6)

o t—

where h(t) is given by expression (4), and the
coefficients g, are the solution of (5).

In our previous investigations (Gorev, Gusey,
Korniienko, 2020; Gorev, Gusev, Korniienko,
2021) we calculated the function Left(t) in (6) via
the Nintergate function built in the Wolfram Math-
ematica package. The results were as follows: the
approximations of rather high numbers of poly-
nomials lead to good results, except for the 9-15
polynomial approximations, which failed. In the
framework of this paper we calculate Left(t) via
the rectangle method, the method of trapezoids,
and the Simpson method.

The calculation of the left-hand side of the
Wiener—Hopf integral equation on the basis of
widely known numerical integration methods.
In the framework of the rectangle method (the mid-
point rule) the function Left(t) is calculated on the
basis of (6) as follows:

N is the number of partition points.
In the framework of the method of trapezoids
the function Left(t) is calculated as

Left(t) ~ 2 305 )R(t5.4) +h(5 R(E ) o (©)
In the framework of the Simpson method the
function Left(t) is as follows:

Left(t) ~ %ﬁ(h(q,l);re(t o)+

i=1

+4h(r"‘12+T"jR(t—T"lert’j+h(r,)R(t—r,.)]Ar. (10)

The value N =10° is chosen. The MAE is esti-
mated as

17 ,
Left(t) = ?ﬂLeft(t) —Right (t)| ~
1 Ny ) (11)
~ N +1Z Left(r].)—nght(rj)‘,

j=0

where the value N, =10° is chosen. The
numerical results are given in Table 1.

So, as can be seen, for all the con,sidered
methods the approximations of 9-15 polynomials
lead to small values of MAE (i.e., to a good agree-
ment between the left-hand side and the right-
hand side of the Wiener—Hopf integral equation).

where The results significantly differ from the correspond-

At :I . iT (8) ing results for the Nintegrate function obtained in

N TN (Gorev, Gusev, Korniienko, 2020; Gorev, Gusev,

Table 1

The MAE results for different methods and the comparison with the results
of the Nintegrate function (Gorev, Gusev, Korniienko, 2021)
n MAE, rectangle MAE, method MAE, Simpson MAE, Nintegrate
method of trapezoids method function [8]

1 6,4-10"" 6,4-10"" 6,4-10" 6,4-10""
2 2,8-102 2,8-102 2,810 2,810
3 7,9-102 7,9-1072 7,9-102 7,9-102
4 7,7-102 7,710 7,7-1072 7,7-102
5 8,9-103 8,9-103 8,9-103 8,8-103
6 8,1-1073 8,1-103 8,1-103 8,1-1073
7 2,8-103 2,8-103 2,810 2,810
8 2,510 2,510 251073 2,510°3
9 1,310 1,310 1,3-103 1,7-102
10 1,2:10° 1,2:10°° 1,2:103 2,3-102
11 7,6-10™ 7,910 7,510 6,3-10°
12 6,9-10* 7,7-10% 6,7-10* 4,3-10*
13 7,810 5,3-10* 4,710+ 5,3:10°
14 5,6-10 1,0-10° 4,210+ 6,3-10°
15 6,810+ 1,310 3,1-10+ 3,3:107
16 8,6-10 1,710 2,9-10# 2,9-10#
17 1,1-10°3 2,2:1073 2,210 2,710
18 1,410 2,7-1073 2,0-10# 1,1-103
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Korniienko, 2021). So, one can conclude that, in  investigated. The approximations of rather high
the framework of the truncated polynomial expan-  numbers of polynomials are accurate enough.
sion method based on the Chebyshev polynomi- It is shown that, in contrast to the results of the
als of the first kind, the Nintegrate function may previous investigations, the approximations of
not be applicable to the calculation of the left-hand  9-15 polynomials are rather accurate, and the
side of the Wiener—Hopf integral equation, and the  Nlintegrate function, which is built in the Wolfram
approximations of 9-15 polynomials are indeed  Mathematica package, may not be applicable for
accurate enough. It should be stressed that the the calculation of the left-hand side of the Wie-
same situation is observed in (Gorev, 2021) forthe  ner—Hopf integral equation for the corresponding
Chebyshev polynomials of the second kind. approximations.

Conslusions. We investigate the theoretical The results of the paper may be taken into
fundamentals of the Kolmogorov—Wiener filter  account for the prediction of telecommunication
construction for the prediction of stationary ran-  traffic in the power-law structure function model,
dom processes with a power-law structure func-  which may be useful for the detection of cyber-at-
tion. Such an investigation may be applied to the  tacks by comparing the predicted traffic with the
telecommunication traffic prediction, which may be  actual one.
important for cyber security. The plan for the future is to show the validity

The unknown weight function is sought as a  of the corresponding polynomial approximations in
truncated series in the Chebyshev polynomials of  the framework of the use of polynomials orthogo-
the first kind. The numerical parameters (3) are  nal without weight.
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